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The problem considered is that of torsion of a circular Prismatic rod 
with symmetrically-located grooves or teeth in the shape of an annular 
sector. and with a central circular cavity (Fig. 1). 

The exact solution of this problem is obtained by a method proposed 
in [ 1 1 and [ 3 I. 

FIQ. 1. 

The determination of the integration constants leads to the solution 
of infinite systeaa of linear equations. 

It is shown that the systems obtained are completely regular, that 
they have an upper limit and that the free terms reduce to zero (for 
k-, -1. 

Stlffnesses and stresses are calculated for two special cases: for six 
teeth and for one notch. 

Approximate solutions for similar complicated rods in torsion have 
been obtained by Staneeku and Dumltrescu [ 3 1 and by Yanea [ 4 1. 
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1. For the solution of the given problem a stress function U(r, $6) is 
sought which satisfies the equation 

in the rod section, which reduces to zero on the outside contour, and 
which takes on a constant value iJO on the inside contour. 

Because of syrnnetry it is necessary to consider only that part which 
subtends an angle R/n, where n is the number of notches or teeth IFig.2). 

In order that the solution obtained for 
A the 2nth part shall be valid for the 

whole section, it is required that the 
normal derivative of the function 
U(F, q5) be zero on the lines AB and 
CD. For determination of the function 
U it is convenient to use the variable 

FIG. 2. t=lXl~ (1.2) 

We seek the function ff(r, q5,) in the form 

U[r (t), y] = Q (t, (p) - i r,2e2' 63) 

where the function tit, q5) satisfies the equation 

_!&_E!$!=o 

We assume that the function @(t, t#) in the part of the region under 
consideration (Fig. 2) takes on the values 

q, d) in region I 

@(t, 9) = cb,(t, pS) in region I]: 

QSt,(t, c/J in region III 

By making use of expressions (l.3), (1.5) and the boundary conditions 
on U, we obtain the following conditions 
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for dii(t, #J with i = 1, 2, 3, where a is a constant characterizing the 
groove or tooth width, and where 

2. Upon solving equation (l.4) by the method of separation of vari- 
ables, we obtain for the functions Cbi(t, (9) the expressions 

k=l 

00 

k=l 
co 

k=i 

8i*pk(p $ Dk(2'co.hPhy) Sin Pkt (- QZ <f Q < 0, - tl < 1 < 0) 
k=l 

co 

k=l 

Here 
ok  = W---I)n 

2Ql ’ Bk=$* hk =r Pk---2)z 
ZQa * 

$k zzz $L (2.4), 

Bj satisfying the conditions (1.6) and (1.7) we obtain for the inte- 
gration constants 
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and for detemination of the constants Bk’2’ and DkC2’ we obtain a corn- 
binatim of two infinite system of linear equations. 

&on applying the change in variables 

h*&‘*’ = Y#z - r,a, p&$x(@ = Xk - rz2 - 24D, (- l)“-‘-l (2.6) 

where IS is a constant nmber to be determined later, the combination is 
obtained in the form 

00 

xk .= z) akpyp, Yk = s b/cp& -t- Q/i (k-: 1, 2, . . . , ‘x) (2.7) 
p-1 p=1 

where 
2n2& 

u&p = - 
‘ps cL.“bB@l +‘-&&‘Pa) (“p” -i- f&‘) 

bkp = 
2Ak 

‘ ,t&(=@+l + &?‘&f@p8 + ‘k2) 

QA. = -,fi (~~3 
2hk?g 

-h)(dAkti+dh&j) [ 
I+ gj&$+)t 

3. ‘we show that the systems (2.7) are compfetely regular I5 1. ‘lhe 

following inequalities hold for sums of the moduli of the coefficients 
in the systems (2.7): 

p=1 (3.1) 

For this, the values 
(3.2) 

have been used. The constant number II is selected from de inequalities 
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(3.3) 

‘&HI, in accordance with (3. l), we shall have 

Thus, the systems (2.7) are shown to be conpletely regular. 

It is easy to see from (2.9) that the free terms in the systems (2.7) 

have an upper limit and that they approach zero for k + 00. 

4. & substitution of the values of the coefficients from (2.5) into 

(2.1)-(2.3) and after replacing the coefficients B,‘*’ and D,‘*’ by Xk 

and Yk, in accordance with (2.6), we obtain after certain trsnsform- 

ations the following expressions for the functions Qi(t, +) 

1 + (- l)k+l e2tz d rk (?a f ‘P) 
sin rkt --‘p2\(‘p<o 

Yk hk2 + 4, d Tk’Pa ogt< I* > 

5. For determination of the constant (I+,, the theorem of Bredt for the 

circulation of shear stress in torsion 

T,ds = 2G&,, (54 

is employed, where rO is the inside contour of the section, $J2,= *rl* is 
the area bounded by lTO, C is the shear modulus, r the angle of twist per 
unit length, Ta the projection of shear stress at any point of the con- 

tour I?,, in the tangential direction of the contour 

Gse-’ iI0 
T, = T’,~ = - 7 (x - rp2&) for t = - t, 

Substituting (5.2) into (5.1) gives 

(5.2) 

01 
a0 5( > at t=_mt, d? == i (%),-_,, d? + 5’(2),,_,, ckp = 0 (5.3) 

-‘pa --P, 0 
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By substitution of the values of the functions @I and Qz from (4.1) 
and f4.2) into these relations and then performing the integrations, we 
obtain the following formula: 

after a certain transformation to determine the constant aO. 

The unknown coefficients Y appearing in (5.4) are determined from 
the completely regular infinife systems of linear equations (2.1) and 
are expressed in terms of the constant @@. 

Substitution of the values 
into (5.4) and solving for cPO 

6. The torsional stiffness 
from the formula 

of the unknown YP*s obtained from (2.7) 
yields its value. 

of a doubly-connected profile is determined 

(6.1) 

C= 2G[-~0.,'61,'i-UoS2,+~~ UdQ] = 2G[-UU,'Q,'+tJ,Q, + 2n\\Udaj 
6); H* 

where U,,* is the value of the stress function on the outside contour, rl, 
the value on the inside contour; CIO* and Q, are the areas bounded by the 
outside and inside contours, respectively; Q is the region of the rod 
section; and $I* is that part of the region included in the angle n/n. 

Ey substitution of (1.3) into (6.1) and by using expressions (1.5) 
and (4.1)-(4.3), we obtain after integration the following formula: 

c = 2G {$ (Fz4 - r14) + -& (2mD, - F22) (rg2 - r12) + 

._j_ y, (~~4 - r2*) - z ()“s2- 1”~~)~ + 

e-2f, 
coth hktl + coth k$z - sG - - 

- 
k 

Upon passing to the limit tl + w (rl = 01, we obtain from (6.2) a 
formula for the stiffness of a solid circular section with teeth: 

c zzzc 33 r+ + 7 (F3* - 1’24) - z (Fs2 - rz2)” + 
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Here the unknown coefficients X(z) and Yk must be determined from the 
systems obtained from (2.7) by passing to the limit tl -P m. By passing 
to the limit t2 + 0 (r3 = r2), we get a formula for the stiffness of a 
circular rod with a central circular cavity: 

c = q- (7q - r14) 

For this case we employ the values 

(6.5) 

which are obtained from (2.7) and (5.4) by passing to the corresponding 
limit tq = 0. 

7. For numerical examples we consider the cases where the rod has six 
external teeth together with a circular cavity (Fig. 1) with the values 

-$ = 1.964, % = 1.2523, 
1 

Pl=‘pz=~~ (7.1) 

and also where the rod has one external notch 
together with a central cavity (Fig. 3) and with 

‘“,“;;;h, 2 = 1.2523, (p1 = 0.125 = 7”09’43” 

FIG. 3. 92 = 3.0166 = 172”50’17” (7.21 

Upon solving the infinite systems (2.7) for 
these cases we obtain too large and too small values f!or the unknown 
coefficients Xk and Yk, 

From Formulas (5.4) and (6.2) we obtain also the values of the con- 
stant @u and the stiffness C. These values are presented in Table f. 

In this same table are also included for comparison the stiffnesses 

of a rod with sections in the shape of circular rings having ratios 
b/a = r2r1 = 1.964 and b/a = r3r = 2.4595; the first ring is obtained 
from the toothed profile (Fig. 1 j by removal of the teeth (r 
the second ring is obtained from the notched profile (Fig. 3 5 

= r?),and 

upthe notch (r2 = rx). 
by filling 
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TABLE 1. 

Six teeth (Fig. 1) One notch (Fig. 3) 

FIG. 4. FIG. 5. 

Stresses for these cases are calculated with the aid of expressions 

(4. U-(4.3) according to the formulas 

em’ t%D 
,czg (t, ‘p) = - T (x - ,W) Gr. (7.3) 

TABLE 2. 

Tzv 
GTT. I I (0. rpl) (-;* 9,) 

Too small 1.2271 0.8036 
Too large 1.2278 0.8043 
Mean 1.2274 0.8040 

t--11. a) 

0.5446 0.6755 0.5632 0.6114 0.4741 

0.5459 0.6757 0.5636 0.6123 0.4754 

0.5452 0.6756 0.5634 0.6ii8 0.4748 
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TABLE 3. 

& j (0, %?p,) jc ~.-',.)/(-*,*_~}j(-~,,-~~~-~,. -%p,f 1 ttt. -d lb-f) 

Too small 3.3207 0.4705 0.4641 0.4586 0.4559 1.2265 I.0241 
TOO large 3.3526 0.4791 0.4726 0.4627 0.4612 1.2379 1.0309 
Yam 3.3366 0.4746 0.4683 0.4606 0.4586 1.2322 1.0275 

Values of the stress r z+ at different points (t, 
Tables 2 and 3 for the cases with six teeth and with 
stress distributions are shown in Figs. 4 and 5. 

#I are presented 
one notch, ‘Ihe 

in 

8. ‘Ihe torsion of a circular prismatic rod having a central circular 
cavity with symnetrical longitudinal grooves or teeth (Fig. 6) is con- 
sidered, ‘lhe exact solution of this problem may be obtained in the same 
manner as in Sections 1-6. 

FIG. 6. FIG. 7. 

For the solution we assume that the stress function U(r, +) on the in- 
side contour of the section reduces to zero, and that on the outside con- 
tour it takes on a constant value Uo+. 

We seek a solution in the form of (1.3) on the assumption that the 
function Hft , 4) takes on the values c 1.51; the regions I, II, and III 
are shown in Fig. 7. 

Ihe functions QZi(t, q9 (i = 1, 2, 31 satisfy Equation (1.4) in the 
respective regions and also the following boundary conditions and con- 
tinuity conditions: 
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where 

tl ==lnz, (8.2) 

9. Upon solving F.quation (l.4) for the functions Gift, 4) (i = 1,2,3) 
by the method of separation of variables and upon satisfying conditions 

(8.11, we obtain expressions for these functions 

Ihe integration constants XI and Yk entering into (9.1)-(9.3) are de- 
termined from the following combination of infinite systems of linear 
equations: 

xk=; Q&Z, yk = 5 bk,X, i- Qk (k = I,& 1 . .) (9.5) 
p=1 p=1 

where 
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Systems (9.5) are completely regular, since the following inequalities 
hold: 

i 1%~ I = 
2Tk Ii 1 

p=1- 

<rr&qz 
‘P1(“d~k% +tMh7k'P2) p=l “P2 + Tk2 \ (9.8) 

5.i 
p=l 

The constant quantity @e* entering into expressions (9,1)-(9.3) is 
determined from the Bredt's theorem concerning the circulation of shear 
stress in torsion. 

This theorem, as applied to the external contour of the section, is 
expressed by the relation 

and, after carrying out the integration, takes on the form 

(9.9) 

(9.10) 

Ihe unknown coefficients Y ) determined from the infinite systems of 
f9.5), are expressed in termsPof QO*, 
lation (9.10) must be solved for tb,*. 

and in order to find @a* the re- 

10. Eiy making use of Formula (6.0, substituting (1.3) therein and 
performing the integrations, we obtain the following formula for the 
stiffness of a circular rod having a central cavity with symmetrical 
longitudinal grooves: 

w -_ 
4h 

(r22 - CC&, + mth ah tz - 
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(10.1) 

As an example, we cite the value of the stiffness in torsion for a 
circular rod having a central cavity with six symetrical longitudinal 
grooves (Fig. 61, when 

Values of the constant 4’ and the stiffness C for this case, calcu- 
lated from Formulas (9.10) and (10. l), are presented in Tahle 4. 

TABLE 4. 

With 6 notches or teeth 

2 - 3.3673 

2@,;/ rg 0.2592 C/G+ 23.266 

For comparison, the table gives also the stiffness of a red with a 
section in the form of circular rings with ratios b/a = r3/r2 = 1.964 
and b/a = r3/r1 = 3.8573. 
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